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Abstract-Earlier, by solving the boundary-layer equations, a new type of boundary condition was obtained 
[A. Sh. Dorfman, Heat TransJir ofFlow Past Nonisotherm Bodies. Izd Mashinostroenie, Moscow (1982)] 
which makes the boundary condition of the third kind more precise and which allows a conjugate problem to 
bereduced toanequivalent problemforthe heatconductionequation.In thispaperaprocedureisgivenfor the 
solution of problems with the use of the new kind of boundary conditions and the specific features of the 

procedure are discussed. 

1. INTRODUCTION 

IN THE majority of problems associated with heat 
transfer calculations, the boundary condition of the 
third kind is used, i.e. 

4, = 6&v- T,). (1) 

The heat transfer coefficient tl in this equation can be 
found from the relations obtained either theoretically 
or experimentally by solving a particular heat transfer 
problem. That this approach is an approximate one is 
seen from the following. Experimental or theoretical 
determination of the heat transfer coefficient involves 
certain boundary conditions. Usually, these are the 
most simple conditions : T, = const. or qw = const. The 
resulting relations for the heat transfer coefficients are 
then used in all cases irrespective of the actual 
temperature or heat flux distribution over the body 
surface in the problem considered. In other words, this 
approach is based on the supposition that the heat 
transfer coefficients are independent of the conditions 
at the body-heat agent interface. 

In some problems this assumption closely ap- 
proximates the real situation, so that the use of the 
conventional approach, based on the third-kind 
boundary condition and heat transfer coefficients for 
isothermal surfaces, does not entail substantial errors. 
However, as has been frequently indicated over the past 
30 years (beginning with ref. [2]), there are a number of 
problems in which the neglect of the heat transfer 
coefficients being the functions of the boundary 
conditions leads not only to appreciableerrors, but also 
to qualitatively erroneous results. 

The above and ever-increasing requirements on the 
accuracy of thermal calculations, which sharply reduce 
the range of problems admitting approximate 
formulation, resulted in a situation that in recent years 
one has begun to consider the convective heat transfer 
problems as conjugate ones, i.e. to use the boundary 
conditions of the fourth kind instead of the third-kind 
boundary conditions. 

2. BASIC RELATIONS 

Conjugate formulation considerably complicates 
the problem, since instead of the heat conduction 
equation for a body with boundary condition (1) one 
has to consider a system consisting of the heat 
conduction equation for a body and boundary-layer 
equations for a heat agent, and to seek such solutions of 
this system which would satisfy the conditions of 
conjugation at the interface. The solution of conjugate 
problems might be markedly simplified if boundary 
condition (1) could be refined in such a way that it could 
be valid for any temperature distribution of the body in 
flow. Then the solution of the conjugate problem might 
be reduced again to the solution of one heat conduction 
equation for a body but with a refined, and not usual, 
boundary condition. Not only could the solution of 
conjugate problems thus be simplified considerably, 
but one could use the background of experience gained 
for many years in the solution of the heat conduction 
equation. 

In ref. Cl], by solving the boundary-layer equations, 
it was shown that this kind of boundary condition, 
which would be valid for arbitrary surface temperature 
distribution over a streamlined body, can be presented 
in the form 

dtw 
4, = a* 

d't, 
L+gl@~ + G2-&g 

k 

+ ‘.. + g#d + ... 
d@ > 

. (2) 

Equation (2) is valid for a separation-free flow around 
an arbitrarily shaped body. For a non-gradient flow 
past a plate V(x) = V, = const., @ = V,x/v, and 
equation (2) simplifies to 

4w= a* dtw 
4./+glx~+w 

2 d2tw 
hx’ 

+...+gkxk~+... . 
> 

(3) 
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NOMENCLATURE 

thermal diffusivity 

exponents in the expression for the 
function of influence 
specific heat 
function of influence of unheated 
length 
Fourier number 

coefficients of series determining heat 
flux density 
length of a body 
Prandtl number 
heat flux 
heat flux density 

strength of volumetric heat release by 
inner sources 

parameter determining the ratio 
between body and heat transfer agent 
thermal resistances 

exponent at Reynolds number in 
similarity equation for the Nusselt 
number on isothermal plate 
temperature 
temperature difference, T, - T, 
velocity distribution at the boundary 
layer outer edge 
speed of flat plate pulling 

coordinates reckoned along body 
surface and along the normal to it. 

Greek symbols 

;1 

heat transfer coefficient 
parameter characterizing longitudinal 
change of pressure gradient 

A plate thickness 

i dimensionless longitudinal coordinate, 

xlL 
0 dimensionless temperature 
I thermal conductivity 
A parameter characterizing the ratio 

between body and heat transfer agent 
thermal resistances 

V kinematic viscosity 

P density 
t time 

Giirtler variable, 1 
s 

X 
@ U(5) d5. 

v 0 

Subscripts 
* isothermal surface 
W wall 
00 far from a body 
in initial 
f final 

av average 
L at the end of the body of length L. 

In the case of laminar flow the coefficients gk are 
defined by the formula 

(-l)k+l 

gk = k!(2k-1)’ 

When Pr -+ 0, this formula defines all the coefficients gk ; 
for Pr # 0, it defines these coefficients beginning only 
from the third term. The first two coefficients turn out to 
be dependent on Pr number and on the parameter 

p=2 I-$, 
( > 

which depicts a change of the pressure gradient in the 
flow. The coefficients gr and g2 can be found from the 
graphs given in ref. [l] and obtained by numerical 
integration of appropriate ordinary differential 
equations. Also given in that reference are the values of 
the coefficients gr for turbulent flow past bodies and 
other cases as, e.g., flows of non-Newtonian power-law 
fluids, compressible gases, etc. 

It follows from equations (2) and (3) that the 
relationship between the heat flux and temperature 
difference can be represented by a sum whose number of 
terms depends on the temperature difference distri- 

bution. For an isothermal surface, t, = const. In this 
case only the first term is retained in equations (2) and 
(3) and, as in the third-kind boundary condition (I), the 
heat flux density turns out to be proportional to the 
temperature difference. When, the temperature dif- 
ference varies linearly, the heat flux density is 
represented by the sum of two terms the first of which is 
proportional to the temperature difference and the 
second, to its first derivative with respect to the 
longitudinal coordinate (in general, with respect to the 
variable Q). When the temperature difference varies 
parabolically, t,,,(x), the heat flux density starts already 
to depend on the temperature difference and its first two 
derivatives, so that generally, when the temperature 
difference undergoes an arbitrary variation, the heat 
flux is governed by the temperature difference and, 
strictly speaking, by all its derivatives. Therefore, in the 
general case, the third-kind boundary condition can be 
looked upon only as the first approximation obtainable 
from equation (2) or (3) when all the terms, except the 
first one, are neglected. It is clear that when the 
importance of the subsequent terms is small, this 
approach will not entail significant errors. Otherwise, 
the errors turn out to be appreciable. 

Equation (2) establishes the relationship between the 
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heat flux density and the temperature difference in 
differential form, which is not always convenient, since 
it contains higher-order derivatives. It can be shown [l] 

that the following integral relation is equivalent to 
series (2) 

The function of influence of the unheated surface length 
can be taken in the form 

f(i) = [l -(;)J-c2. 
The exponents c1 and c2 are connected with the 
coefficients gk of series (2). Their values are given 
elsewhere [l]. 

3. SOLUTION PROCEDURE FOR 

CONJUGATE PROBLEMS 

Equation (2) is obtained by solving the boundary- 
layer equations. It establishes the relationship between 
q, and t, on the surface of a body in a flow for any 
surface temperature distribution. It follows from the 
above and the conditions of conjugation that the 
solution of the heat conduction equation on the body 
surface should transform into equation (2). In other 
words, with this approach the solution of the conjugate 
problem reduces to the integration of the heat 
conduction equation with the boundary condition on a 
streamlined surface in the form of equation (2). 

Disregarding all the terms after the first one in 
equation (2), one can obtain the relation coincident 
with the third-kind boundary condition. From this it 
follows that the solution of the heat conduction 
equation with the third-kind boundary condition can 
be regarded as a first approximation to the solution of a 
conjugate problem. By retaining the first two terms in 
equation (2) and solving the heat conduction equation 
with the two-term boundary condition, a more 
accurate solution of the problem can be obtained. The 
process of refinement can be continued by retaining a 
larger number of terms in equation (2). However, this 
entails difficulties posed by the calculation of higher- 
order derivatives and, therefore, the integral form of 
boundary condition (4) should be used for further 
approximations. 

In practical calculations it is convenient to retain the 
first few terms of the series and to calculate the error 
term from the results of the previous approximation. 
When, in this case, the first three terms of the series are 
retained, the boundary condition takes the form 

qw=u* tw+g,8$+g,*‘gg+E(@) 
[ 1 

(5) 

&(@) = t (q$-qff), (6) 

where q$‘is defined by integral equation (4) and q$“, by 

differential equation (5) without the error term. The first 

approximation is found by assuming to a first 
approximation that E(@) = 0. Having calculated the 
error term from the results of the first approximation, it 
can be introduced into boundary condition (5) and the 
second approximation can be found. By continuing this 
process it is possible to obtain the solution of the 
conjugate problem with the desired accuracy. If the 
effect of conjugation in the problem considered is 
known to be not very large, one may retain only the first 
two terms in boundary condition (5) or only the first 
term, having included the remaining terms into the 
error term s(Q). In the latter case the boundary 
condition of the third kind is obtained with the 
correction in the form of the error term. 

Thus, as a boundary condition for the heat 
conduction equation it is possible to use the differential, 
equation (2), or combined equation (5) forms of 
relations with one, two, or three terms involving the 
derivatives, or the integral form of the relation, 
equation (4). However, the use of the integral form 
entails additional difficulties. Normally, therefore, 
ruling out the cases when the effect of conjugation is 
obvious, one should start from the use of most simple 
forms and, after each approximation, to assess the error 
either by comparing the results of successive 
approximations or by evaluating the error term from 

equation (6). 

4. EXAMPLES 

Example 1 
A thin plate is streamlined on two sides by heat 

agents with different temperatures. The flow is laminar. 
It is required to find the distribution of temperatures 
and heat fluxes along the plate surfaces. By assuming, as 
usual, the temperature distribution over the thickness 
of a thin plate to be linear, it is possible to obtain 

--9,, = %v, = (L/A)(T,, - L,). 

The substitution into these equations of the values of 
heat fluxes calculated from equation (3) yields two 
equations to determine the plate surface temperatures 

-goJ,JU,,lv,(T,, - T,, +gIixC, 

+gz,xZT& + . ..) 

T,,-- T,, = go1 ~(T~,--T,, 
w 

+g,,xTa, +g21x2r& + . ..). (7) 

A detailed analysis of these equations, their solution 
with the retainment in the series of one, two and three 
terms, and the assessment of the accuracy by comparing 
the results ofsuccessive approximations can be found in 
refs. [l, 3,4]. Figure 1 presents the relative differences, 
Aq,,,/q$ of heat fluxes calculated in a conventional 
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FIG. 1. Relative error in the local heat flux due to the disregard of the conjugate nature of the problem. 

manner (4:) with the aid of the formula for the heat 
transfer coefficient and in a conjugate problem by 
solving the system of equations (7). On the abscissa the 
quantity 

R= 
WA 

l/a,, + W,, 
(8) 

is plotted, this characterizes the relationship between 
the thermal resistances of the plate and of heat agents 
under the isothermal plate conditions. It is seen from 
Fig. 1 that the error introduced as a result of the 
disregard of conjugation in the problem considered 
does not exceed 20-25x. The plot simply allows one to 
introduce corrections into the results ofcalculations by 
the formula usually used for the heat transfer 
coefficient. For this it is sufficient to calculate the value 
of R by formula (8) and, having found in Fig. 1 the 
correction Aq,Jq$, to adjust the value of qz obtained by 
a conventional technique. A similar problem for the 
turbulent flow ofa heat agent is considered in ref. [S]. In 
this case the error does not exceed 7%. 

Example 2 
It is required to calculate the heat transfer between a 

metal plate, heated on one end face with the other 
insulated, and a heat agent flowing past it. By assuming 
the plate to be thermally thin and neglecting the change 
of temperature across it, it is possible to use the heat 
conduction equation averaged over the plate thickness 

d=T 2q L-L=@ 
dx= &A 

(9) 

The replacement of qw by its value from equation (3) will 
yield the equation 

7’; -~(T*-T”+41x.“+“~~2~~+...) = 0, 
w 

which will determine the plate temperature distri- 

bution. The solution of this equation with the 
retainment of the first three terms of the series for 
laminar and turbulent flows, the analysis of this 
solution and the evaluation of the error term by 
equation (6) are presented in ref. [ 11. In the case of the 
conjugate formulation of the problem the results 
depend substantially on the direction of flow past the 
plate. When the flow arrives at the heated end face ofthe 
plate, the temperature difference decreases, but when 
the flow arrives at the insulated end face, it increases in 
the flow direction. It is known [l] that in the case of the 
increasing temperature difference the heat transfer 
coefficients are higher, and with decreasing lower, than 
on an isothermal surface. As a result, the heat transfer 
characteristics and, in particular, the heat flux 
distributions differ substantially in the two cases. In the 
first case, when the Row arrives at the heated end face, 
the local heat fluxes decrease quickly and become 
nearly zero at the end of the plate, while in the second 
case the heat flux decreases only over a portion of the 
plate and then, having reached its minimum, starts to 
increase. For all that, it turns out ultimately that, at the 
given temperature of the heated end face, the total 
quantity of the heat released from the plate is larger in 
the first case than in the second. The explanation is that 
in the first case large temperature differences are present 
over the plate starting length with high heat transfer 
coefficients, while in the second case there are small 
temperature differences over the plate starting length. 
Quantitative results depend on the relationship 
between the thermal resistances of the plate and heat 
agent which in this problem is conveniently 
characterized by the parameter A = a,.ti/l,A, where 
aL, is the heat transfer coefficient at the end of an 
isothermal plate of length L. It is seen from Fig. 2 that in 
the case of laminar flow the quantities of the total heat 
flux Qw can differ markedly. It should be noted that had 
the calculations been made in a conventional manner 
with the length-averaged heat transfer coefficient, the 
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FIG. 2. Relationship between the heat fluxes released from the 
plate in a flow arriving at the heated or insulated end face. 1, 

laminar flow; 2, turbulent flow. 

heat transfer characteristics would have been 
independent at all of the flow direction. 

Example 3 
It is required to calculate the heat transfer 

characteristics for the flow around an elliptical cylinder 
with uniformly distributed heat sources of strength qy. 
The solution of this problem is given in ref. [6]. The heat 
conduction equation, expressed in terms ofthe elliptical 

coordinates, was solved in series by the method of 
separation of variables. For the determination of the 
series coefficients the boundary condition in the 
integral form was used, equation (4). The results of 
calculation in conjugate and ordinary formulations are 
compared in Fig. 3. 

Example 4 
An infinite flat plate (tape) of temperature To is 

brought forward from a die and is pulled at velocity U, 
through a heat agent with the temperature T,. It is 
required to calculate the temperature distribution 
along the plate. In ref. [7], this problem was solved 
numerically using a finite difference method. The heat 

I I I I I 1 

X/l 

FIG. 3. The change of the surface temperature of an elliptical 
cylinder with the semi-axes ratio a/b = 4 and Pr = 1; 1, A 

= 0.1; 2, A = 1; A = &/I&; -, conjugate problem 
solution; - - -, solution with the third-kind boundary 

condition. 

conduction equation for the moving tape, 

U_g=aw??, 
3Y2 

was solved with the combined boundary condition (5) 
with two terms and the error term a(@) which was 
calculated by equation (6) from the results of the 
preceding approximation. Three approximations were 
sufficient in the above examples. Figure 4 presents the 
results of calculations for a polymer film cooled by 
water in the process of moulding. It is seen that in this 
problem the effect of conjugation is appreciable. The 
reason for this is that for continuously moving bodies 
the effect of surface non-isothermicity of the heat 
transfer rate is much more substantial than for general 
streamlined bodies [S]. 

Example 5 
A thermally thin plate with the heat sources qv(x, y), 

to the end faces of which the heat fluxes q,(O) and q&L) 
are supplied, is streamlined on two sides by heat agents 
with temperatures T, I(O) and T, 2(O); at 7 < 0 a steady- 
state regime takes place. When 7 = 0, the sources begin 
to vary in time as qv(x, y, 7), the heat fluxes at the end 
faces as qi,(O, 7) and qr(L, T), and the temperatures of the 
heat agents as T,,(r) and T,,(T). It is required to find 
the laws governing the change of the plate temperature, 
T,(x, 7), and ofthe heat flux density q&, 7). For the case 
at hand the plate thickness-averaged heat conduction 
equation, analogous to equation (9) for the steady-state 
regime, is 

1 aT a2T + qw, fqw, 
a, 87 ax2 &VA 

(4”L” _ o, 

A.? 

By assuming, as usual, [lo] that the heat transfer in 
heat agents is quasi-steady, it is possible to use the 
integral form of the boundary conditions on the 
streamlined plate surfaces. Then the following equation 
for the plate temperature will be obtained 

g - g + (A, +Ag)i-r’r 

[.I 
c 

X fW1) de + ‘30, F4 
cl I 

- & B,(Fo)+ Tb,,(Fo)-q, = 0 
1 2 

Tv- G,(7) 

' = T,,(O)-T,,(O) ; 
e = T,,(7)-L,(7) 

m TAO)- T,,(O) 

X (4"M a,7 

c=,; 4, =~,[~,2(())-~,,(0)]; F"=F' 

r/s = l/2 for a laminar flow and r/s = l/5 for a 
turbulent one. The solution of this equation in 
eigenfunction series is given in ref. [l]. The first four 
eigenvalues and eigenfunctions were calculated for 
laminar and turbulent regimes of flow. The examples of 
calculations are presented. 
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FIG. 4. Temperature distribution along a polymer film cooled while moving through water: Pr = 6; 
[(Jc,p),/&p] = 8.5 ; 1, conjugate problem solution ; 2, solution with the third-kind boundary condition ; x , 

experimental data [9]. 

CONCLUSIONS 

The proposed form of the boundary condition 
determines the functional relationship between the heat 
flux density and temperature difference on an 
arbitrarily non-isothermal surface. This boundary 
condition coincides with the boundary condition ofthe 
third kind only for an isothermal surface. Generally, the 
third-kind boundary condition turns out to be only a 
first approximation which can be obtained only in the 
case when the first term of the series is retained in a 
generalized boundary condition. Therefore, the results 
ofproblem solution subject to the third-kind boundary 
conditions can be satisfactory only in the case of the 
relative insignificance of subsequent series terms 
allowing for the non-isothermicity of the heat transfer 
surface. Then it is possible to restrict ourselves to the 
solution of the heat conduction equation subject to the 
third-kind boundary condition which in the method 
suggested can be regarded as a first approximation to 
the conjugate problem solution. Subsequent ap- 
proximations are constructed as the solution of the 
heat-conduction equation with an improved boundary 
condition in which a large number of terms are retained 
or to the boundary condition taken in integral, 
equation (4), or combined, equation (5) form. By 
comparing successive approximations it is possible to 
judge the accuracy of each of these and the necessity of 
further refinements. 

The above examples show that the proposed method 
ofconjugate problem reduction to the heat conduction 
equation with a generalized boundary condition can be 
applied to a wide range of conjugate problems and can 
allow substantial simplification of their solution. It is 
seen from the examples given that the effect of 

conjugation can be either small or great. This depends 
on many factors the main of which are the character of 
change of the temperature difference along a 
streamlined body and the ratio between the thermal 
resistances of the body and heat agent. A detailed 
analysis of the effect ofdifferent factors on the degree of 
problem conjugation is given elsewhere [ 11. 
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UN NOUVEAU TYPE DE CONDITIONS LIMITES DANS LES PROBLEMES DE 
CONVECTION THERMIQUE 

R&me-En r&olvant les iquations de couche limite, un nouveau type de conditions limites avait 8t& obtenu 
[ 11. I1 rendait la condition limite de troisikme espece plus prkcise et il permettait la riduction d’un probltme 
conjuguk B un problkme iquivalent B un probltme de conduction thermique. Ce texte donne une procidure 
pour la r&solution de probltmes en utilisant un nouveau type de conditions et on discute les aspects specifiques 

de la proc8dure. 

EINE NEUARTIGE RANDBEDINGUNG BE1 KONVEKTIVEN 
WARMEOBERGANGSPROBLEMEN 

Zusammenfassung-Durch L&en der Grenzschichtgleichungen wurde bereits friiher eine neuartige 
Randbedingung gefunden Cl], welche die Randbedingungdritter Art prazisiert und es erlaubt,ein gekoppeltes 
Problem aufein gleichwertiges Wlrmeleitproblem zuriickzufiihren. In diesem Bericht wird ein Verfahren zum 
L&en von Problemstellungen unter Zuhilfenahme der neuen Randbedingung mitgeteilt und die spezifischen 

Eigenschaften des Verfahrens untersucht. 

HOBbIfi BMfl TPAHI44HOrO YCJiOBMII B 3A)JAqAX KOHBEKTMBHOrO 
TEIlJIOO6MEHA 

AHHorauHn---B MOHOrpa@iM [I] nyTeM pemeHMa ypaBHeHHti norpaHM~Hor0 CJoI1 nonyqeH HOBblfi BMD. 
rpaHwHblX ywoe~A, yToq~alo~r~ii rpaHagHoe ycnoerze TpeTbero pona H n03aonatouuiii CaeCTH Conpn- 
%HHyH) 3aZaqv K 3KBMBaJlCHTHOti 3aUa’,e n.nR ypaBHeHHJ%. TenflOnpOBOUHOCTM. B HaCTORluCti CIaTbC 
H?,qa,-aCTCs MCTOJMKa pCmCHMs 3alla’, C MCnO,,b30BaHMCM HOBOrO BMfla rpaHHqHb,X yCJ,OBHti M 06CywC- 

naK)TCII OCO&HHOCTM 3TOfi MeTOLIMKM. 


